A probability distribution function P (v, r', z, t) for a planetesimal which is moving in the gaseous nebula under the solar gravity and frequently undergoing gravitational encounters with others of different masses is obtained by solving the Fokker-Planck equation. It is found not to be a Maxwellian but a nonsteady general Gaussian distribution, owing to the fact that the planetesimals are in systematic circular motions around the sun. The magnitude of the random motion is determined by the balance of two effects, one due to mutual encounters and the other due to a gas drag force, and found to be much smaller than the systematic motion owing to the effective gas drag force. The eccentricities and inclinations are typically 10-' in the order of magnitude.
It was shown by Safronov, 11 and Goldreich and Ward 21 that in the primitive solar system the planetesimals were born as a result of the gravitational fragmentation of a thin dust layer which was formed in the central plane of the gaseous nebula by the sedimentation of dust particles. The mass of a planetesimal so formed is typically 10 18 g in the order of magnitude. These planetesimals are moving in the primitive gaseous nebula and experience a gas drag force. The effects of such a drag force on the motion of a particle were investigated in detail by Kiang, 31 Whipple, 41 Adachi et al. 51 and W eidenschilling. 61 It was found that the elliptic motions soon decay and the particle spimls towards the sun gradually. The total number of the planetesimals is thought to be larger than that of stars in a galaxy. In the primitive solar system such a great number of planetesimals exist within a small space with a radius of several tens of a. u. Therefore it is expected that the gravitational encounters among them occur very frequently. These encounters may excite the ellipticities of their motions contrary to the gas effect. Recently Hayashi, Nakazawa and Adachf 1 have examined in their formation theory of the planets the combined effects due to the gas drag force and the mutual encounters on the orbital elements of planetesimals with a rather heuristic method. However m the consideration of the effects due to the mutual encounters, they took account of the systematic circular motions of the planetesimals around the sun only approxi-mately by using the results for the particles in the absence of any external fields found by Chandrasekhar 8 > in the stellar dynamics. Safronovn also considered the velocity dispersion of planetesimals but his analysis was not based on a statistical theory. There are many studies 8 >-13l of the relaxation processes of gravitating or Coulomb interacting particles in no external field originated by Chandrasekhar 14 l but few investigations of the particle ensembles which are in a systematic motion in an external force field. This paper is primarily devoted to the investigation of the statistical behavior of the planetesimals with different masses which are moving in the gaseous nebula under the solar gravity and frequently encountering with each other.
In § 2 we shall ascertain the statistical description to be appropriate by comparison of time scales and derive the stochastic differential equation for the motion of a planetesimal. In § 3 the equation for the probability distribution function P (v, r', z, t) will be derived and its solution will be obtained exactly, from which we can find the irreversible behavior of the planetesimals. The physical mechanism which determines the magnitude of the random motions of the planetesimals will be discussed in § 4. The application of the obtained results to a model of the primitive solar system will be made in § 5. Finally we shall consider the growth of the planetesimals due to direct collisions and the mass distribution in § 6. § 2.
Equations of motion
The planetesimals are moving under three kinds of forces, i.e., the solar gravity, the mutual gravity and the gas drag force which is proportional to the square of the relative velocity as found by Adachi et al. 5 > The equation of motion o£ the i-th planetesimal is written as
where ui is the velocity, ri the heliocentric position vector, mi the mass, rp, the radius, Pu the gas density, Ug the gas velocity, CD a dimensionless drag force coefficient of the order unity, G the gravitational constant and M 0 the mass of the sun. We can readily estimate the total number of the planetesimals with mass 10 18 g to be '"'""'10 12 , if we assume that the mass of the primitive solar nebula is '"'-'0.1 M 0 1 percent of which is the mass of the solid particles. Therefore Eq. (2·1) constitutes simultaneous equations as many as 10 12 for i=1, 2, ... , 10 12 , which completely describe the motions of the planetesimals. They are too many to be solved in practice. Therefore a planetesimal undergoes many gravitational impacts from the neighborhood before its velocity is forced to change largely by the solar gravity. In this situation we can consider the planetesimals as a kind of the Brownian particles which are moving in the gravitational field of the sun. Theorefore we investigate their stochastic behavior.
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Here we make some simplifications for the situation under consideration as the following i), ii), iii): i) Tize gas motion-Generally there exists a negath·e pressure gradient in the radial clirection in the primitive solar nebula. Therefore the gas circulates around the sun "lvith a little slower velocity than the Keplerian one, 1.e.,
>Yherc P 9 is the gas pressure. The order of magnitude of -r; is typically as found by Adachi et al. 5 J and W eidenschilling.BJ Such a velocity difference makes an orbital radius of a particle to decay through the drag force, but the decay time which was found to be 10 7 years 5 J,ol is rather long compared vvith the relaxation time of the motions c~ 10 4~5 years) or the growth time of the planetesimals (·~/10 4~5 years) as will be seen in § 5. Therefore we can neglect these orbital decays when we consider the relaxation processes or the growth of the planetesimals. In other words we can assume that the gas of the nebula is moving with the Keple1ian Ye locity, i.e., 'lj = 0.
iii The ecceiltricity e and inclination i of planetesimals-A large eccentricity c or inclination i brings about large velocity difference between the planetesimal ancl the gas, ancl then the gas drag force soon reduces such a large e or i. sJ Therefore we assume that both r and i are always sufficiently small compared with 
iii) The law of a drag force-Although the gas drag force acting on a planetesimal is proportional to the square of the relative velocity, 5 
wK= (GM~/a 3 ) 112 ,
where we have omitted the subscript i. These equations (2 · 8), (2 · 9) and (2 ·10) have been linearized as to v, r' and z according to the assumption of e, i<-(1.
As mentioned above the gravitational force Then <v 8 ) and <r') also tend to zero with time. We also notice that the decay rates of <vr), <v8 ) and <r') are twice as large as those of <v.) and <z). Now we can consider that the mean values such as <vr), <v8 ), <r'), <v.) and <z) are equal to zero if we observe the motion of a planetesimal with a time scale longer than 1/C, which is 10 4~5 years as will be seen in § 5. We could readily write down the equations for higher moments as to v, r' and z from Eqs. (2 · 8), (2 · 9) and (2 ·10), but we will instead seek the F okkerPlanck equation for the probability distribution function as to v, r' and ~. § 3. The Fokker-Planck equation and its solution First we make a few assumptions on the stochastic process of F. That is, we assume that the process is steady and the mean values of (F1 F m) as well as <Fz), where l, m = r, e, z and l=f=m, are always equal to zero. These assumptions are based on the prospect that the spatial distribution of the planetesimals will be nearly steady and homogeneous, which will be verified later. Then the FokkerPlanck equation for the probability distribution function P(v, r', z, t) can be written on the basis of the stochastic differential equations (2·8), (2·9) and (2·10) as follows: 
can be obtained exactly, which has a following form independent of v0, r 0' and z 0 after the time 1/C because the means (v), (r') and (z) tend to zero as found in the last section, where
and the (1/T) i/s are the elements o£ the 1nverse matrix of the following:
In Eq. (3·7) the higher order terms as to C/cuK were neglected because of CjwK the diffusion terms in <r' 2 ) and <ve'). \Ve denote the genuine random velocity dispersion in (ve') by <v/ 2 ) . Then we see from Eq. (3·7) that
that is, the equipartltlon between the r-and e-components of the random motions is realized but not with the z-component. The ratio between (v/) and < v, 2 ) is determined below. Now we can determine the diffusion coefficients DL. Here we make some simplifications, for the calculations of DL's are too complicated to be performed in practice if we use Eq. (3 · 4) as it is. We suppose that the spatial distribution o£ the planetesimals is homogeneous along the width of the planetesimal layer as well as the r-and 0-directions, for the distribution function (3 · 4) does not change so largely along the effective width 2<z 2 ) 112 • Further, as we shall see later, the effective width 2(z 2 ) 112 is much larger than the average distance between planetesimals. Then we can use the Holtsmark distribution 151 ' 16 J as to the fluctuating force F, which is based on a homogeneous spatial distribution of the particles. That is, the correlations <vrve) etc. are smaller than the square means <vr") etc.
by a factor C/ulK("---'10-4 ) and the difference between <vr 2 )(=(u/)) and <v, 2 ) is only a factor 2 at most as seen below.
Here we explain briefly the outline of the determination of D 1's. Using the Holtsmark distribution as to F and the mean lifetime ofF above, we can find the diffusion coefficient D=<IF[ 2 tF)=Dr+De+D, as a function of <fvl 2 ) , i.e., D=D (\fvl 2 ) ) (Eq. (3·29) below), while another relation between D and <lvf') such as <fv'I)=D/C (Eq. (3·18) below) is obtained from Eq. (3·7). From these two relations, we find the explicit expression of <fvl 2 ) as well as D. We also decide the ratios among <vr 2 ), <v0 2 ) and (v/) (or D"' De and D,) consistently with Eq. (3 · 7) . Then the diffusion coefficients Dr, Do and D, are completely determined and so is the probability distribution function Eq. (3 · 4) .
First of all we determine the ratios among <v/), <vo' 2 ) and <v/). From the fact that <v/)=<v/ 2 ) we can consider that Therefore we get from Eq. (3 · 7)
On the other hand, we have from Eqs. (3 · 4) and (3 · 6)
Supposing that ( 4· 4) This shows that the square means <v 2 ) , <r' 2 ) and <z 2 ) are determined by the balance between the fluctuation process due to the mutual encounte1 s and the dissipation process due tc the gas drag force. That is, the fluctuation-dissipation theorem is realized in the ensemble of planetesimals under consideration. § 5. The applications to a model nebula
The probability distribution function P (v, r', z, t) obtained in § 3 contains two quantities which depend on a model of the primitive solar nebula, i.e., p 9 and 6,.
Here we take the values of these quantities from the model of Kusaka, Nakano and Hayashi. m In this model the disk nebula whose mass is assumed to be 0.05 M@ is rotating around the proto-sun. The values of pg and rJ, in this model are cited in Table I , with which we estimate the square means of random variables or the time scales hereafter. However we should note that they have rather weak dependences on pg and rJ, as seen from Eq. (3 · 33). We also take CD= 0.5 5 ) and PP = 3 g/ cm 3 • Further all the planetesimals are assumed to have an equal mass in this section. The mass distribution will be taken into account in the next section. The values of < i 2 ) 112 for several masses (10 17 g<m<10 22 g) relevant to planetesimals are shown in Table II , which were calculated from Eqs. (3 · 21) and (3 · 33). The order of < i 2 ) 112 is found to be typically 10-3 , which is much smaller than those of the present planets. This is due to the facts that the gas drag force effectively acts on the planetesimals and their masses are small. The order o£ their random velocity is then 10-3 vK, which is also the same order of their escape velocity.
Next we consider the diffusion time tD defined by Eq. ( 4 · 2), which is usually called the relaxation time and now equal to the decay time ta as seen in the last section. The values of tD for m = 10 18 and 10 21 g are shown in Table III . The 
15 Table II . Root mean squares of inclination <i'>' 1 ' of planetesimals with an equal mass. order of tn is 10' years in the Earth's region and 10 5 years in the Jupiter's region. Now we can define another diffusion time t" in which a orbital radius of a planetesimal is largely changed by the radial diffusion due to the exchanges of angular momentum and kinetic energy through the mutual encounters. Setting <r' 2 )=a 2 in Eq. (3·35), we have
The order of t, is "-'10 10~11 years as shown in Table III . Therefore the changes of orbits due to the radial diffusion are negligible and we can consider P (v, r', z, t) obtained in § 3 as a steady distribution in practice. Then the assumption made in solving Eq. (3 ·1) that the stochastic process of F is steady and the diffusion coefficients D! are constants is now found to be consistent.
In Table IV the values of the quantities assumed larger than unity such as tx/tF (tF=n-118 f<v 2 ) 112 ), 2(z 2 ) 112 /n-113 and ln A are shown, where we find the verification of those assumptions. Therefore in the consideration of collisional growth we assume that the planetesimals collide with a velocity subject to the distribution function (3 · 4) obtained in § 3.
Next we consider a possibility of collisional fragmentation. One of the most important parameters which determine the degree of fragmentation is the relative velocity between two colliding particles. According to the results obtained in the last section, the random velocity <v 2 ) 112 for m = 10 18 g is 16m/sec in the Earth's region and 15m/sec in the Jupiter's region, which are comparable with the escape velocity Ve of planetesimals, 5.6 X (m/10 18 g) 113 m/sec. Therefore the collision velocity Vc between two colliding planetesimals is also comparable with the escape velocity Ve, i.e., Vc"-'Ve=10 m/sec, which is much smaller than the sound velocities in rocks or metals "-' 10 3 -4 m/sec. Hence the fragmentation in such low velocity collisions is expected to be not so effective. In this paper we make the simplest assumption that the planetesimals coalesce whenever they collide.
The gravitational collision cross-section !J is given by given by
C<v 2 )+<v' 2 )) (rp-t-rp') 
where the <O"lv-v'l)m,m!s are given by Eq. (6·4). In Fig. 1 the numerical results for n (m) under the initial condition are shown:
where n0 is the initial number density and m 0 is the initial mass of a planetesimal which is assumed to be 10 18 g. The approximate form of n (m) is found to be expressed by a power law as
The cumulative mass fraction defined by
1s shown in Fig. 2 , where it is found that about 40% of the planetesimals by mass are in the form of bodies with more than a thousand times the initial mass m 5.4 X 10 3 years in the Earth's region, and in 3.0 X 10 5 years in the Jupiter's region. From Eqs. (6 ·14), (6 ·15) and (6 ·16) it is found that the random velocity < v 2 ) 112 is subject to large masses for a case O<a<2 and to small masses for a case a>5/2. In our numerical results for n (m) above, we obtained a= 1.48 (Eq. in the Jupiter's region which are also comparable with its escape velocity Ve = 1200 m/sec. Now this paper has clarified the statistical mechanics of planetesimals and the early stage of their collisional growth. A few proto-planets formed as a result of direct collisions will grow further to planets through the capture of a number of smaller planetesimals. Such a later stage of planetary growth has been examined by Hayashi et al. 7 ) 
